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The theory of orientor fields is used to establish relations between systems with 
convex and nonconvex sets of admissible directions. It is pointed out that such 
systems have sets of quasitrajectories identical to each other. On the other hand, 
quasitrajectories are relevant generalizations of so-calied sliding regimes, well- 
known in automatic control. Control functions of “bang-bang” type appear to be, in 
turn, some cases of controls generated by tendor kernels of control domains of 
systems to be considered. This might be applied for example to systems described 
by partial differential equations or to systems with state vectors in I” spaces. The 
possibilities of further generalizations concerning optimality conditions are 
indicated. 
INTRODUCTION 
During the last few years “bang-bang” type of control has received 
increased attention. Many interesting papers have been devoted to that type 
of control, including the valuable generalizations to much more abstract 
spaces than previously used (see, for example, [ 1,2]). Since the differential 
inclusion approach to the “bang-bang” control seems to be interesting and 
not broad enough, it would be reasonable to recollect known results in the 
field and to give some generalizations. 
OLD RESULTS 
It should be noted that the problem of applicability of the “bang-bang” 
type of control to nonlinear optimal control problems in R” space was 
already solved in the early 1960s by Waiewski. His main contributions are 
13-51. Those works was based on the results of Zaremba [ 7, S] and 
Marchaud [9], who independently pointed out the fundamental properties of 
solutions to contingent equations. It is interesting that, in fact, Zaremba and 
Marchaud had already described the main properties of trajectories and 
282 
0022-247X/84 $3.00 
Copyright 0 1984 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
ON GENERALIZATION 0F“BANG-BANG" CONTROL 283 
reachable sets of control systems with convex sets of admissible directions in 
1934-1936. In 1961, Waiewski [3] pointed out that the contingent equation 
is equivalent to certain differential inclusion. Hence, the results concerning 
the main properties of the solutions proved by Zaremba remain valid for 
differential inclusions. In [4] one can find the generalization of those results 
to the case of nonconvex sets of admissible directions, called orientors. The 
application to control problems follow directly from later papers of 
Waiewski [5,6]. One of the most important notions used by Waiewski is 
the notion of quasitrajectory, a weak solution to certain differential inclusion. 
It can be easily seen that the limit functions of some sequences of 
trajectories with “bang-bang” control are quasitrajectories. Such functions 
are well-known in automatics as “sliding regimes.” The theorems on 
closedness of reachable sets for quasitrajectories lead directly to existence 
theorems for optima1 quasitrajectories. The existence of sliding regimes 
corresponding to system quasitrajectories can be established as a result of 
the approximation theorem given by Turowicz [lo]. The assumptions 
imposed on control systems in those considerations are fairly weak and do 
not include differentiability requirements. Only the “generalized Lipshitz” 
condition had been introduced, so that even certain non-Lipshitz systems 
could be considered. 
GENERALIZATION TO BANACH SPACES 
It should be noted that the fundamental theory of contingent equations in 
Banach spaces has been developed and published by Chow and Shuur [ 111. 
Let us give similar generalizations for the Waiewski’s treatment of 
nonconvex control. 
The right restriction on generalizations of the results mentioned above is 
the existence and measurability (in the sense of Lusin) of the so-called tendor 
field. As indicated in the sequel, the relevant assumption which must be 
imposed on systems under consideration is that the tendor field associated 
with the system exists and is measurable in the sense of Lusin. This is 
automatically fulfilled if the system state space X is separable and locally 
compact (then 2x is separable). If it is not the case, the appropriate 
assumption must be introduced. 
We denote by X a real separable and reflexive Banach space with the 
norm I( . I/ and the origin 4x. 
DEFINITION 1. Let H be a metric space of nonempty closed subsets of X 
with the Hausdorff metric d*. Consider a topological space Y and a set 
G c H of nonempty closed subsets of X, contained in a ball with centre in $x 
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and finite radius. A mapping N: Y --t G will be called an orientor field; a set 
belonging to G will be called an orientor. 
Remark. We will denote orientor and orientor field by the same letter if 
the context is clear. No compacteness of the orientor is needed. 
DEFINITION 2. The following sets and the corresponding orientor fields 
are defined 
E = conv N is the smallest convex hull of the set N, 
Q = tend N is the smallest closed subset of N such that conv Q = 
conv N. The set Q is called the tendor on N. 
Remark. To make the fields E: Y -+ G and Q: Y+ G well defined we 
have to be sure that they exist. Unfortunately, this need not be the case 
because the set of all convex combinations of a closed set need not be closed. 
Therefore we must introduce the following, rather strong hypothesis. 
HO. We assume that the orientor denoted by N in the sequel has a closed 
convex hull and that tend N exists on Y. 
DEFINITION 3. An orientor field is said to be continuous if it is 
continuous as a mapping Y + G, where the topology of G is induced by the 
Hausdorff metric d*. 
DEFINITION 4. An orientor field is lower semicontinuous (I.s.c.) at a 
point y, E Y if 
yi E Y,~, +yo =P N(y,) c (6: b E X d(b, NY,))+OI, 
where d is the point-to-set distance. 
Remark. The above “sequentional” definition is equivalent to the 
following. 
DEFINITION 5. An orientor field N is 1.s.c. at y, if for any open set 
M c X such that N(y,) f7 M # 0 a neighbourhood p of y, exists such that 
N(y) ~7 M # 0 for all y E p (0 is an empty set). 
DEFINITION 6. An orientor field N is upper semicontinuous (u.s.c.) at y, 
if for any open set M c X such that N( y,) c M a neighbourhood p of y, 
exists such that N(y) c M for all y E p. 
Remark. In the finite-dimensional case it was proved that continuity of 
N implies lower semicontinuity of the corresponding field Q (the tendor 
field) and, provided Y is measurable, the field Q is Lusin-measurable [ 121. In 
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the case of Banach space the tendor field of a continuous orientor field might 
not be Lusin-measurable, Recall that a function fi T+ U (where T is a 
topological Hausdorff space with Radon measure ,u and U is topological) is 
said to be Lusin-measurable if for any compact K c T and E > 0 a compact 
set L c K exists such that p(K\L) < E and the restrictionfl, is continuous. 
DEFINITION 8. Let r be a a-additive field of subsets of Y. An orientor 
field N: Y + G is said to be r-measurable if N- r(U) E t, VU c X, U open. 
The N-‘(U) is defined as 
DEFINITION 9. A mapping s: Y +X is called a selector of a field 
N: Y + G if s(y) E N(y) for each y E Y. 
Remark. The function s defined above is also called selection. Such 
terminology is used for example by Castaing and Valadier in the book [ 13 1 
containing theorems which illustrate the properties of measurable selections 
of certain multifunctions. We shall use the term “selector” as was used far 
earlier by Kuratowski and Ryll-Nardzewski [ 141. It was pointed out in [ 141 
that if Y is a topological space and S is a countably additive family of sets 
induced by the field of subsets of Y, then from the statement 
( y: N(y) n A # 0} E S whenever A c X is open follows that there exists a 
selector s of the field N such that sP ‘(A) E S. Moreover, if N is continuous 
modulo a first category set, then a selector of this field exists continuous 
modulo a first category set. For some extensions of the above results see 
Castaing and Valadier [ 131. 
DEFINITION 10. Let J c R be an interval [0, T], 0 < T < cx), s2 = {X 3 x: 
ilxll < Zkf, M > O}. An absolutely continuous function x: J+ fl is called a 
trajectory of a field N: J x 0 --+ G coming out of a point x0 E ~2 if 
0) x(O) = x0, 
(ii) -I;(t) E N(t, x(f)) almost everywhere on J. 
Remark. Here the space Y of Definition 1 is replaced by J x Q. From 
then on, the variables x and t will be interpreted as a system state and the 
time, respectively. 
DEFINITION 11. An absolutely continuous function x: J + Q is called a 
quasitrajectory of a field N: J x R + G coming out of the point x0 E 0 if a 
sequence of absolutely continuous functions {xi} exists such that 
(i) xi(t) + x(t) on J, 
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(ii) d(ai(t), N(t, xi(t))) -+ 0 a.e. on J, 
(iii) ii are equibounded on J, x,(O) = x,, . 
DEFINITION 12. Let J J x X X U -+ X be a continuous function, where U 
is a real separable Banach space. Let C be a subset of U. The pair (f, C) is 
called the control system. The set C might depend on time, i.e., it might be a 
value of a multifunction C: J+ 2”. The set C (or C(t)) is called the control 
domain. 
DEFINITION 13. An absolutely continuous function x: J+ B is called a 
trajectory of a control system (f; C) on J coming out of a point x0 if 
x(0) = x0 and 
44 =f(4 x(t), u(t)> a.e. on J, (1) 
where U: J+ U is a measurable selector of the multifunction C. 
DEFINITION 14. An absolutely continuous function x: J+ R is called a 
quasitrajectory of a control system (f, C) on J coming out of a point x0 E 0 
if x(O) = x0 and sequences of functions (xi}, {ui) defined on J exist such that 
xi are absolutely continuous, x,(O) = x0, ui are measurable and 
(i) xi(t) + x(t) on J, 
(ii) II&(t) -f(t, xi(t), u,(t))11 + 0 a.e. on J, 
(iii) ui(t) E C(f) on J. 
DEFINITION 15. An orientor field N is said to be associated with a 
control system (f, C) if 
N(f, x) = {X 3 v: v =f(t, x, u), u E C(f)}. 
The set (orientor) N(t, x) is called the control counterdomain of the control 
system (f, C) at the point (t, x). 
Remark. In the sequel we will denote by N the field associated with a 
control system (S, C) and by E and Q the fields generated by N (due to 
Definition 2). A field having its orientors convex for all t and x will be called 
a convex orientor field. The following hypotheses are introduced. 
Hl. Let U be a real separable Banach space and W be the space of 
nonempty closed bounded subsets of U. We assume that the control domain 
C is a multifunction C: J+ W, continuous in the Hausdorff sense. 
H2. The tendor field Q(., x(s)) is 1.s.c. and measurable in the sense of 
Lusin, as a function Q: J-+ G, for each fixed absolutely continuous x: J-,X. 
H3. Let the radius of the ball appearing in Definition 1 be equal to M,. 
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We assume that M > T. MH, where M is the constant introduced in 
Definition 10. Furthermore, we assume that the initial condition x, belongs 
to the set 
X,, = {X 3 x: llxll + T * M,, < M}. 
Remark. H3 is a restriction imposed on the set in whichf is defined and 
on the norm of f(t, x, u). From this hypothesis it follows that a solution of 
(1) exists on the whole interval J, provided a local solution of (1) exists (see 
Deimling [ 15, $31). The inclusion x, E X0 implies that gr(x) c int(J x Q), 
where gr(x) is the graph of x on J. Introducing some dissipative-type 
conditions we can formulate the existence theorems for system trajectories 
(see [ 151). A valuable result concerning quasitrajectories is that the set of all 
quasitrajectories of a system (f, C) with a fixed initial condition (or of a field 
N) is nonempty and closed in the norm ]/a /Im. Moreover, it might be proved 
that under hypotheses HO, Hl and H3 the sets of trajectories of (f, C) and 
quasitrajectories of (f, C) are identical to the sets of trajectories of N and 
quasitrajectories of N, respectively. The results on existence and closedness 
of sets of quasitrajectories make it possible to assert that for any system 
(f, C) satisfying HO, Hl and H3 the time-optimal quasitrajectory does exist. 
Thus, the relations between system trajectories and quasitrajectories appear 
to be of great importance. 
DEFINITION 16. The set 
D(t, x) = {C(f) 3 u:f(t, x, u) E tend N(t, x)} 
is called the tendor kernel of the control domain C(t). 
Remark. In practical applications, systems with nonconvex control coun- 
terdomain are of great importance. These are mostly automatic control 
systems with switching controllers which generate “bang-bang” control 
functions. Optimal sliding regimes appearing in such systems are optimal 
quasitrajectories. The tendor kernel of the control domain is the valuable 
generalization of the switching (“bang-bang” type) control domain. Thus, the 
main question which arise in connection which applicability of “bang-bang” 
control concern relations between trajectories and quasitrajectories of the 
systems (A C) and (f, 0) and of the fields N and Q. In analogy with 
Waiewski’s approach, let us formulate some theorems connected with 
nonconvex control. 
THEOREM I. Let P: J-+ G be an orientorfield convex and continuous in 
the Hausdor- sense. By x: J-1X we shall mean an absolutely continuous 
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function. If a sequence of trajectories (vi} of P exists such that vi(t) + x(t) on 
J, then 
i(t) E P(t) a.e. on J. 
i.e., x is a trajectory of the field P. 
ProoJ: Let us assume, on the contrary, that a set M c J and a constant 
q > 0 exist such that p(M) > 0 and 
4-W), P(t)> > 4, VtEM. (2) 
Since x is absolutely continuous and X is reflexive, 1 exists a.e. on J and is 
measurable. Hence, J is a sum of a null set and a countable family of 
mutualy disjoint compact sets Ji such that R],, is continuous and ,u(Ji) > 0 for 
each i= 1, 2,... (see Bourbaki [ 18, IV, $51). Let B c J be a compact set and 
s E B be a fixed point. Assume now that a neighbourhood a of s exists such 
that ,u(a f7 B) = 0. For s is an arbitrary point of B, the set B is locally null. 
It has a finite external measure and, consequently, ,u(B) = 0. Hence, the 
neighbourhood with the above properties cannot exist for arbitrary s E B, 
unless B is of measure zero. Thus, for each nonzero compact B c J we have 
3sEB:p(ar‘lB)>O,Va:sEa,aopen. (3) 
A number k must exist such that ,u(Jk f7 M) > 0. Let Jk f-‘M = Z. From 
(3) it follows that a point n E Z exists such that ,u(a n Z) > 0 for any 
neighbourhood a of q. 
The function & is continuous at q. Hence, from (2) it follows that a 
convex set A and a neighbourhood [ of q exist such that i(t) E A, Vt E [’ 
and inf{r: r = d(& P(q)), p E A ) > q/2, where c’ = <n Z. Since P is 
continuous, a neighbourhood 6 of q exists such that P(t) c Y(P(q), q/4), 
Vt E 6, where V(K, a) stands for the a-neighbourhood of a set K (see [ 161). 
Let [’ n 6 = y. We have d*(A, P(t)) > 0, Vt E y. Applying the Banach 
theorem on separation of convex sets we see that the continuous linear 
functional z:X+ R exists such that z(v) < 1, Vy E V(P(v), q/4) and 
z(y) > 1, Vy EA. The functions vi are trajectories of P, and, consequently, 
z(tii(t)) < 1 a.e. on y and z(i(t)) > 1 a.e. on y. Taking into account that 
p(y) > 0 and integrating the real-valued functions z(?(.)) and z(tii(.)) over 
the set y we obtain 
I z(W) dt > P(W), I z(ci(t>) dt < PU(YW Y Y 
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In other words, a constant c > 0 exists such that 
f 
z(i(t) - tii(t)) dt > c. 
Y  
(4) 





z@(t) - ii(t)) dt = 0 
for arbitrary r E [a, b] = J. On the other hand for any Lebesgue-measurable 
function y: J+ R the following equality holds: 
lim 
1 i-m J 
y(t) z(i(t) - zji(t)) dt = 0 
(see Klambauer [ 19, Chap. 3, Theorem 31). Taking y as the characteristic 
function of y we obtain 
lim 
1 i-m y 
z@(t) - C,(t)) dt = 0, 
which is the contradiction to (4). Thus, the constant q and the set M 
satisfying (2) do not exist. Taking into account that P(t) is closed we 
conclude that i(t) E P(t) a.e. on 1, which completes the proof. 
Remark. The property proved above is analogous to the property of 
solutions of contingent equations (Zaremba [8]). A similar theorem for 
contingent equations in Banach spaces was given by Chow and Shuur [ 111. 
THEOREM II. Let E: J x X+ G be a convex orientorfield, continuous in 
the Hausdorff sense. Each quasitrajectory of E on the interval J is at the 
same time a trajectory of this field. 
Proof. From Definition 11 it follows that a sequence of functions (xi) 
exists such that 
xi(t) --) x(t)9 
d(ii(t), E(t, Xi(t))) + 0 a.e. on J; 
xi are absolutely continuous; ii are equibounded on J. 
Suppose that x is not a trajectory of E. Then, a nonzero set L c J and a 
constant q must exist such that 
WW, E(t, x(t))> > q > 0 a.e. on L. (5) 
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Let us consider a field E(t) = V(E(& x(t)), q/2), the q/2-neighbourhood of 
E, where x is some fixed quasitrajectory of E. The field ,!? is convex and 
continuous on J. Let Ti = (J 3 t: ii(t) 6? E(t)}. It is known that the 
convergence “almost everywhere” on J implies the convergence in measure 
on J. Consequently, ,u(Tj) -+ 0. Let y be a measurable selector of E, and let 
w,(f) =df ii(t) a.e. on s\Ti and wi(t) =d‘y(t) on Ti. Next, we introduce a 
function zi such that ~~(0) = x,(O) and ii(t) = wi(t) a.e. on J. Observe that zi 
is absolutely continuous, zi(t) + x(t) on J and ii(t) E E(t) a.e. on J. Thus. the 
functions zi and x and the field E satisfy the hypotheses of Theorem I. 
Consequently, we have i(t) E E(t). This contradicts (4) and completes the 
proof. 
LEMMA I. Let S be an orientor field defined on J and let S(t) = 
conv R(t), where R(t) is a finite set of points of the space X. Let T, be a 
countable set of subsets of J such that u(J) = ,u(Ui Ti) and Ti C’ Ti = 0 for 
all i,j= 1,2 ,.... Let R(t) be constant on each of the subsets Ti and let 
u: J+ X be a function which is constant on each Ti and u(t) E S(t) on J. 
Then a measurable function w: J+ X exists such that w(t) E tend S(t) a.e. on 
J and I‘, u(t) dt = i, w(t) dt. 
Proof: We denote ci = u(t), si = S(t) and ri = R(t) for t E Ti. We have 
ci E si = conv R(t) on Ti. Since si is the set of all convex combinations of 
points belonging to ri, the sets of points si,, , si.?,..., si,k(i) and of numbers 
bi, 13 bi.1 y-..y bi,k(i) must exist such that 
ci = \’ bi jsi,i, - 3 \‘ bi,/= 1, bi.,i > 0, 
i -7 
where s~,,~ E ri. Let us divide Ti into k(i) measurable mutualy disjoint subsets 
Ti, 15 Ti.2 )**., Ti,koI such that P(T~,,~) = bi,,jp(Ti). Substituting w(t) = si.l in Tj,i 
we obtain the function with required properties, which completes the proof. 
THEOREM III. Let N: J x X + G be an orientorfield and let thefields E 
and Q be generated by N, due to Definition 2. We denote by x a trajectory of 
E with an initial condition x(0) = x0. Suppose that N is continuous and that 
HO and H2 hold. Then the function x is a quasitrajectory of the fields N, Q 
and E on J. 
Proof. Since the orientor E(t, x(t)) is bounded on J, a constant K exists 
such that I/ ~11 < K, Vu E E(t, x), (t, x) E J x X. The field Q is Lusin- 
measurable and, consequently, for any constant q > 0 a family of compact 
subsets {Fi) of J exists such that p(J) = ,u(Ui Fi), Fi f7 Fi = 0, 
/Ii(t) - a(s)I1 < 4, d*(Q(& x(t)>, Q<s, X(S))) < q for all t E Fi, s E Ft. 
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Let US choose a point ti E Fi and denote u(t) = -?(ti), Q(t) = Q(ti, X(ti)) for 
all t E Fi, i = 1, 2 ,... . We have 
d*@(t), Qk x(t)>> < q a.e. on J. (6) 
Observe that E(t,, x(tJ) is the set of all convex combinations of points 
belonging to Q(r,, ~(2~)). Thus, a finite set Ri of points exists such that R, c 
Q(t,, x(ti)), a(ti) E Si = conv R,. Denoting S(t) = Si for all t E Fi we have 
u(t) E S(t), tend S(t) c Q(f) and ]I u(t)]/ < K a.e. on J. 
Let us divide J into m subintervals J, = [a,-, , a,,] in such a way that 
up =pT/m, ,u(J,) < q (recall that T = p(J)). The functions u and S are 
constant on each of the sets JP n Fi. Now we apply Lemma I. Denoting 
Z(u, A) = I, u(t) dt we conclude that a measurable function w: J+ X exists 
such that )I w(t)]1 <K and w(t) E tend S(t) a.e. on J and 
(7) 
Introducing the function k(t) = Z(w, [0, t]) we have /I k(t)]1 < KT, k(t) = w(f), 
II J&II < K and 
Q) E SW a.e. on J. (8) 
It should be noted that the above integrals are Bochner ones. As X is 
reflexive, the properties of the Bochner integral in X are analogous to the 
properties of the Lebesgue integral in the finite-dimensional case. This 
enables us to write i = w. 
Observe that )I k(t) - x(t)l] < Z(w - U, [0, t]) + Z(u - 1, [0, t]) and 
Z(w - U, [0, t]) = Z(w - u, [a,- r, t]) where p is such that f E J,. Taking into 
account that ] t - a,-, I < p(J,) < q we can point out that 
II WI - 4 < (2K + T> 4, Vt E J. (9) 
From (8) and (6) we obtain 
a.e. on J. (10) 
Let us introduce a sequence of numbers (qi) such that qi -+ 0. We denote by 
ki the function k defined as above with q = qi. Substituting ki and qi for k 
and q in (9) and (10) we obtain 
ki(t) + x(f) on J, (11) 
d(ii(t), Q(t, x(t)>) + 0, II Li(z)ll G K a.e. on J. (l-2) 
409/98/l-20 
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The lower semicontinuity of the field Q results in the inclusion Q(t, x(t)) c 
k’(Q(t, ki(t)), r) which holds for an arbitrary r > 0 and i large enough. By 
virtue of (12) it might be easily seen that 
d(ii(c)t Q(t, k,(t)>> + 0 a.e. on J. (13) 
Taking into account (11) and (13) and the fact that both k(t) and i(t) are 
bounded we see that x is a quasitrajectory of the field Q. For Q(t, x) c 
N(t, x) c E(t, x), x is also a quasitrajectory of the fields N and E, which 
completes the proof. 
Remark. Let us note that both Lemma I and Theorem III may be found 
in [4] for the case X = R”. The above proofs of their Banach space versions 
are taken from [4] with little modifications. The above results may be 
summarized as follows. 
THEOREM IV. Let D(t) be the tendor kernel of a control domain C and 
let N and Q be the fields associated with control systems (f, C) and (f, D), 
respectively. Zf HO, Hl, H2 and H3 hold, then the following are equivalent 
conditions: 
(i) x is a quasitrajectory of (f, C), 
(ii) x is a quasitrajectory of (f, D), 
(iii) x is a quasitrajectory of N, 
(iv) x is a quasitrajectory of Q, 
(v) x is a quasitrajectory of E (see Definition 2), 
(vi) x is a trajectory of E. 
Remark. From the practical point of view it is interesting to establish 
under what conditions quasitrajectories might be approximated by trajec- 
tories. The sufficient condition follows from the next theorem. 
THEOREM V. Suppose that 
Ilf(h x', u> -f(t, x", u)ll < Q-)(4 IIX' - 40 
for all (t, x’, u), (t, x”, u) E J x Xx U. The function w: R x R -+ R is non- 
negative, bounded and continuous. Moreover, the differential equation v(t) = 
o(t, v(t)) has the unique solution v(t) = 0 with initial condition (O,O), 
existing on any interval 0 < t < T’, 0 < T’ < T. Suppose also that HO and 
Hl hold. Then, each quasitrajectory of (f, C) is the limit of a sequence of 
trajectories of (f; C). 
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The proof of the above theorem might be found in [lo] for the case 
X= R”. Since it is fully transferable into the Banach space case, it will not 
be quoted here. 
SOME REMARKS ON TENDOR CONTROL IN PRACTICAL APPLICATIONS 
As mentioned in the previous sections, by tendor control we mean some 
generalization of control generated by switching (so-called “bang-bang”) 
controllers used in many simple systems of automatic control. Figure la 
illustrates a possible shape of orientor N in R*. In this case the tendor of N 
consists of the four points A, B, C and D. This is the example of typical 
“bang-bang” control, i.e., control which is composed of a finite number of 
signals and finite or infinite number of switchings between those signals. The 
case indicated in Fig. lb is a little bit more complicated. Now, the tendor of 
N consists of infinite number of points, namely, A and D and the whole arc 
BC. The control signal which could be generated in this case might also be 
obtained by switching between the points of the tendor set, but it cannot be 
realized by a simple “four-point” controller, as in the case of Fig. la. This is 
what we call tendor control. 
The tendor control in a Banach space cannot be exemplified so simply. 
Let us, however, mention some typical case of a control system (f, C) 
described by an evolution equation in a Hilbert space. Namely, let X be a 
Sobolev space and let f = A,x + Bu, where A, is a differentiation operator 
which itself might depend on x. Such a mathematical model may be applied, 
for example, to the process of heating, drying, solidification, etc. In the 
drying process the properties of the material could depend on the humidity. 
Hence, the operator A, might depend on x in some nonlinear way. Another, 
more complicated example is the process of solidification of an alloy of two 
or more metals, where the system state space is the product one, representing 
the spaces of temperature and concentrations. Such process model must 
describe the effects arising at the boundary of the solid and liquid phases and 
usually includes a rather complicated operator A. On the other hand, the 
control u for such processes consists of few signals (temperature and 
a b 
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pressure for the drying process and one or more points of cooling or heating 
for the solidification one). Consequently, the space U of controls is a finite- 
dimensional one, the control domain C is compact and the control counter- 
domain N is also compact as the continuous image of C. In such a case HO 
is automatically fulfilled and the tendor field Q is Lusin-measurable, 
provided C is continuous. Thus, the time-optimal trajectory may be either 
reached or approximated by trajectories with tensor control (provided H 1, 
H3 and the hypotheses of Theorem V hold). 
It should be noted that the theorems presented might be merely helpful to 
answer the question whether or not a tendor control is applicable to some 
particular case. To be more precise, let us suppose that the time-optimal 
quasitrajectory does exist and the time-optimal trajectory does not. In this 
case we could assert that the quasitrajectory is also a quasitrajectory of the 
appropriate tendor field and that a sequence of trajectories of the tendor field 
exists, being convergent to the time-optimal quasitrajectory. This quasitra- 
jectory is called sliding regime. If the hypothesis of Theorem V is not 
fulfilled, the time-optimal quasitrajectory might not be a sliding regime, 
having no practical meaning. 
The above theorems do not provide any hints on how to determine the 
desired quasitrajectory. The possible applications concern the first step in 
solving optimal control problem. Namely, if the control system is a nonlinear 
one with nonconvex control counterdomain we could replace it (due to 
Theorem IV) by some system with convex (“relaxed”) control counter- 
domain and look for its optimal trajectory. This, in turn, might be treated as 
an optimal sliding regime of the original system. This leads to a new 
formulation of the necessary conditions for optimal control (some general 
version of the Pontriagin’s maximum principle) in the nonconvex and 
noncompact case. The results will be published separately. 
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